The structural, electronic, optical, and magneto-optical properties of the three Bi 12 MO 20 sillenites (BMO; M ¼ Ti, Ge, and Si) have been investigated on the basis of the first-principles calculations performed by the full potential augmented plane wave method. The BMO's linear optical responses are found to be very similar, but their optical rotatory powers and Faraday ellipticities exhibit notable differences in both visible and ultraviolet parts of the spectra. These differences originate from the subtle differences within the BMO's electronic structures, such as different band-gaps and different offsets of the valence band tops. The latter are found to be caused not by the influence of the M ion electronic states, but by particular behavior of the M-O and the Bi-O chemical bonds.
I. INTRODUCTION
The family of crystals with sillenite structure and chemical formula Bi 12 MO 20 (BMO, with M ¼ Ti, Ge, and Si) has attracted significant scientific attention for decades, mostly because of its pronounced photorefractive effect that is used in many applications: multi-wavelength holography, 1 real-time holographic surface imaging, 2 holographic imaging and interferometry, 3 and a variety of photocatalytic applications. [4] [5] [6] Although the members of the family, Bi 12 TiO 20 (BTO), Bi 12 GeO 20 (BGO), and Bi 12 SiO 20 (BSO), are isostructural (space group I23) and have quasi-identical chemical composition (differing by just one atom in the 33-atom unit cell), they do not exhibit identical optical characteristics. Compared to BGO and BSO, the BTO presents higher photosensitivity to the red light, a higher electro-optical coefficient (linearly related to photorefractive sensitivity), and lower optical activity (which improves self-diffraction during hologram formation). [7] [8] [9] It thus presents some advantages over the BGO and BSO for the applications which explore the photorefractive effect. From these facts, it follows that optical characteristics (especially magneto-optical) of BMOs depend on the nature of the M ion, but this dependence is not simply traceable. As the optically active center in the BMOs is the Bi, the role of the M ion is limited to influence the situation in the Bi surrounding (its geometry, Bi-O distances, and electronic structure) in such a way which results in observable differences in photorefractive properties. Clarification of this influence is additionally complicated by the fact that photorefractive properties are usually defect dependent, and all of the"nominally pure" BMOs usually contain a significant amount of various intrinsic defects. [10] [11] [12] It is thus of great interest to describe the properties of perfect sillenite crystals, mostly for two reasons: (1) to be able to recognize which characteristics originate from the defects and which from the ideal crystal and (2) to predict possible changes of their properties in desirable directions.
So far, the structural, electronic, and optical properties of sillenites have been extensively studied experimentally (see Refs.13 and 14 and references therein), but very poorly theoretically. First electronic structure results of the BGO and BSO have been shortly discussed in Ref. 15 , where the authors performed cluster calculations based on local pseudopotential method with various parameters extracted from fitting the experimental curves. In Ref. 16 , the electronic structure of the BGO is calculated by the relativistic DV-Xa method. First-principles pseudo-potential calculations have been performed on the pure BTO in Refs. 17 and 18, but with controversial results about its band structure. This issue has been resolved in recent publications of our group, 19 where we calculated band structure and complex dielectric tensor of the BTO using the full-potential linearized augmented plane waves (FP-LAPW) 20 with generalized gradient approximation of Perdew-Burke-Ernzerhof (GGA-PBE) 21 for the exchange and correlation potential. Neither of the above cited works has discussed optical and magneto-optical properties of sillenites, except the last mentioned one, which dealt with the linear optical response of the BTO only.
The first objective of this paper is to accurately determine the structural, electronic, optical, and magneto-optical properties of pure sillenites and gather all these theoretical data at one place. Our second objective is to compare obtained results for each compound and search for differences that might be responsible for their different optical characteristics. Toward these goals, we performed identical ab initio density-functional theory (DFT) 22 based calculations on three pure BMO compounds, utilizing the most advanced and up-to-date tools for describing exchange and correlation effects between electrons: GGA-PBE for structural investigations (lattice and atom relaxations) and recently developed modified Becke-Johnson (mBJ) potential 23 been proven to cure some of the DFT deficiencies and provide better agreement of the calculated bandgap values and optical properties with the experimental data, at least for a large class of tested insulators. [23] [24] [25] Details of calculations are presented in Sec. II, obtained results are systemized and discussed in Sec. III, and conclusions are summarized in Sec. IV.
II. CRYSTAL STRUCTURE AND CALCULATIONS DETAILS
The crystal structure of the BMOs is body-centered cubic, with the space group I23 (n 197). The prototype compound is a mineral sillenite, c-Bi 2 O 3 , which is metastable at ambient conditions. The two basic building blocks of crystal structure are usually considered to be the (BiO 7 ) 11-polyhedrons interconnected in a complex manner (see details in Ref. 14) and the (MO 4 ) 4-tetrahedrons situated at the corners and the center of the conventional unit cell, as shown in The self-consistent calculations of the BMOs were performed by full potential linear augmented plane wave (FP-LAPW) method, 20 based on density-functional theory (DFT) 22 and implemented in the WIEN2k computer code. 26 In this method, the electronic wave functions, charge density, and crystal potential are expanded in spherical harmonics inside the non-overlapping spheres centered at each nuclear position (atomic spheres) and in plane waves in the rest of the space (interstitial region). The choice for atomic sphere radii was 2.3 for Bi, 1.8 for M, and 1.4 for O (in atomic units). Inside atomic spheres, the partial waves were expanded up to l max ¼ 10, while the number of plane waves in the interstitial was limited by the cut-off at K max ¼ 7.0/R MT . As a basis set, the augmented plane waves were used. The charge density was Fourier expanded up to G max ¼ 14. A mesh of 7 k-points in the irreducible part of the Brillouin zone was used. The Bi 5d, 6s, 6p, the O 2s, 2p, the Ti 3s, 3p, 4s, 3d, the Ge 3d, 4s, 4p, and the Si 3s, 3p electronic states were considered as valence ones and treated within the scalar-relativistic approach, whereas the core states were relaxed in a fully relativistic manner. Exchange and correlation effects were treated in a two-fold manner. The relaxation of each of the BMO's crystalline structure has been performed using the generalized gradient approximation with Perdew-Burke-Ernzenhof parameterization (GGA-PBE). 21 Then, for each of the relaxed crystal structures, electronic bands and optical response have been calculated using the semi-local modified Becke-Johnson (mBJ) functional of Tran and Blaha. 23 The spin-orbit coupling has been taken into account just for heavy Bi atoms via a second variational procedure, using scalar-relativistic eigenfunctions as a basis. The self-consistent calculations for all three sillenites were performed on the same level of precision and all were successfully converged within the energy precision of 10 -5 Ry. After their electronic structures had been determined, the linear optical properties of sillenites were computed using the WIEN2k optical package. 27 This package firstly calculates the imaginary part of the complex dielectric tensor e 2 , which is directly proportional to the optical absorption spectrum of the material, on the basis of the following formula: 
The formula (1) is valid in the limit of linear optics with electron polarization effects neglected and within the frame of random phase approximation. It describes electric dipole allowed transitions from populated Kohn-Sham states u ik > j of energy E i (k) to empty Kohn-Sham states u fk > of energy E f (k) with the same wave vector k (x is the frequency of the incident radiation, m the electron mass, P the momentum operator, and a and b stand for the projections x, y, or z). The e 2 is computed up to an incident radiation energy of hx ¼ 40 eV with a mesh of 45 k-points in the irreducible wedge of the first Brillouin zone. The real part of the dielectric tensor e 1 is then calculated using Kramers-Kronig relations. The knowledge of e x ð Þ ¼ e 1 x ð Þ þ _ ie 2 x ð Þ permits calculation of various optical properties (refractive index, reflectivity, optical conductivity, etc.), which characterize the propagation of the electromagnetic wave through the material. Owing to the cubic symmetry of the sillenites, their dielectric tensors are diagonal, with e xx ¼ e yy ¼ e zz ¼ e, and thus reduced to scalar functions e(x).
The information about magneto-optical (MO) properties of material can also be accessed from the complex dielectric tensor. 27 Namely, optically active materials are characterized by appearance of the small non-diagonal components of its dielectric tensor, even if their crystal structure is cubic. In the case of sillenites, the MO effect arises principally from the strong spin-orbit coupling on the Bi atoms, which breaks the symmetry between left-and right-hand circularly polarized light and leads to different refractive indices for these two types of polarizations. If the magnetization direction, established by SO coupling, is taken to be along the z-axis and parallel to the direction of light propagation, there appears a non-zero off-diagonal component e 0 , which couples All tensor components are complex quantities: real parts e 1 ; e 0 1 À Á describe dispersive and imaginary parts e 2 ; e 0 2 À Á describe absorptive behavior of the material. As a consequence, incident, linearly polarized light is transmitted through the material, with its polarization plane perturbed by a complex angle h(x), approximately given by
where e 0 ( e and k is the incident light wavelength. A real part of h describes the angle by which the polarization axis of incident light is rotated when it passes through the unit length of the material. It is called specific Faraday rotation or optical rotatory power (h F ):
The imaginary part of h, called Faraday ellipticity or magnetic circular dichroism (g F ), is given by
and describes the difference between the absorption of rightand left-handed circularly polarized light per unit length of the material. In formulas (3) and (4), the n and k are refractive index and extinction coefficient, respectively.
III. RESULTS AND DISCUSSION

A. Computation optimization and structure investigation
We started our calculations with a full optimization of the BMO's crystal structures. Both lattice parameters and atomic positions within unit cells were relaxed in order to reach values which correspond to energy minimum in our computer simulations. The relaxation of lattice parameters resulted in a ¼ 10.322 Å for the BTO, 19 a ¼ 10.469 Å for the BGO, and a ¼ 10.387 Å for the BSO. These values are to be compared to experimentally determined a ¼ 10 188 Å (BTO), 30 a ¼ 10 145 Å (BGO), 31 and a ¼ 10 104 Å (BSO). 31 They correspond to 4% (BTO), 10% (BGO), and 9% (BSO) larger unit cell volumes than determined by experiments 30, 31 realized at ambient temperature. An increase of the theoretical volumes is expected, since the GGA tends to expand lattice constants in comparison with the experimental values. 32 Nevertheless, this expansion is surprisingly high for the BGO and BSO. As the next step, all atomic positions inside the relaxed unit cells were optimized by moving the atoms according to forces which act on them (using damped Newton scheme) 33 and obeying the symmetry constraints of the space group. The procedure has been repeated until forces became less than 2.0 mRy/a.u for all atoms.
The objective of structural relaxation was three-fold: (1) to obtain the equilibrium atomic positions to be used for electronic structure and optical calculations, (2) to test the reliability of the computational method, and (3) to compare local structures around Bi and M ions, searching for the differences that might be responsible for different optical characteristics of the BMO's.
While the coordination of the M 4 þ ions is regular (perfect tetrahedron with 4 O(3) at its vertices), the typical local structure around the Bi 3 þ ions is usually considered to consist of 7 O's, all situated at different distances, forming an irregular polyhedron around the Bi (Fig. 2, left) . There are four oxygens situated in the equatorial plane (O(1b), O(1c), O(3), and O(2)), one in the apical position on one side of this plane (O(1a)), and two on the other side of the plane (O(1d) and O(1e)). Results of our computational optimization confirmed this arrangement for all BMO's (Fig. 2 , on the right), but with one additional oxygen O(2)' situated within the polyhedron. This oxygen was initially separated from the Bi by 3.587 Å in the BTO, 3.543 Å in the BGO, and 3.488 Å in the BSO (experimental structures), but has approached to it during the relaxation process. Tables I and II summarize all calculated BMO's lattice constants, interatomic distances, and angles in the Bi-and M-ion first coordination spheres and confront them with the corresponding experimental data. The tables demonstrate good overall agreement between calculated and experimental data. There can be noticed just two significant discrepancies: (1) the appearance of one additional oxygen atom within the 
B. Electronic structure
The BMO's electronic band structures in the vicinity of their fundamental gaps are shown and compared in Fig. 3 . It is seen that the overall dispersion of energy bands along high-symmetry directions of the Brillouin zone is quite similar in all three compounds. The other common fact is that all BMO's are direct band-gap materials, since their valenceband maxima and conduction-band minima are both located at the C point. The band structures in Fig. 3 , however, exhibit two important differences. The first of them concerns the dispersion and relative position of the group of bands situated at the very top of the valence panel. These bands originate from the 2p states of O(3). In the BTO, these bands are more dispersed and more adhered to the lower-energy valence bands than in the BGO and, especially, BSO. The second difference concerns the different band gaps of the BMO's: 3.30, 3.04, and 2.85 eV for the BTO, BGO, and BSO, respectively. This result does not agree with experimental findings that all three nominally pure BMO's have the same gap, with a value between 3.20 and 3.28 eV. [34] [35] [36] The gaps calculated in this work are, however, closer to experimental ones than the gaps calculated earlier (2.3 eV 19 and 2.6 eV 17 for the BTO and 2.8 eV 15 for the BGO and BSO). This is a merit of usage of the recently developed mBJ exchange-correlation functional, 23 which has been tested to significantly improve gaps in a large class of insulators. 24, 25 We also performed the electronic structure calculations of the BMOs using the GGA-PBE functional and obtained very similar band offsets, as shown in Fig. 3 , but with the bandgap values of 2.30, 2.08, and 1.91 for BTO, BGO, and BSO, respectively.
In order to obtain more detailed insight into the BMO's electronic structure, we calculated the total and partial densities of electronic states (TDOS and PDOS) and show them in Figs. 4 and 5. The TDOS (Fig. 4 ) reveals a similarity of the electronic density of states in three materials. The TDOS is formed of five blocks of states in the valence region (identified by numbers 1 to 5) and three blocks of states in the conduction region (6 to 8). The blocks 1, 2, 4, and 6 present no significant differences in all three compounds. They are formed mainly by the Bi 5d, the O's 2s, the Bi 6s, and the Bi 6p states, respectively. The block 8 also has similar character in all three sillenites. It consists of a mixture of many states and cannot be clearly attributed to any particular state of any particular atom. The other blocks, however, present particularities. The block 3, for instance, is composed of the Ti s and p states in the BTO, the Ge p states in the BGO, and the Si p states in the BSO. It is, therefore, formed exclusively from the M ion's states. The origin of the more complex blocks 5 and 7 must be analyzed with the aid of Fig. 5 .
According to Fig. 5 , the block 5 is dominated by the 2p states of all three types of O's, but also has significant contribution of the Bi 6s and 6p states. Besides, this block has a small contribution of the Ti 3d (BTO), the Ge 4p (BGO), and the Si 3p states (BSO). The highest energy peak of this block is dominated by the 2p states of the O(3) hybridized with the 6s states of the Bi. It is interesting to note that the Bi 6s 2 lone pair concentrates its states in two distinct energy regions: bonding ones are situated within block 4 and nonbonding ones are spread over block 5, but especially concentrated at its highest energy peak. This situation is quite similar to the situation that occurs in the Bi 4 M 3 O 12 eulytine compounds. 37 The O(3) coordinate the M ions, but also appear in the first coordination sphere of the Bi (see Table I (Figs. 3 and 5) .
Finally, the block 7 is mainly composed of the Bi 6p states in all three materials. In the BTO, however, this block contains significant amount of the Ti 3d states (Fig. 5(a) ), contrary to the cases of the BGO and BSO, where no Ge or Si states appear in that energy interval (Figs. 5(c) and 5(e) ). In the BGO, the Ge empty 4p states are distributed within two isolated small peaks centered at 8.5 and 10 eV, approximately, while in the BSO, the Si empty states appear even at higher energies. Figure 6 shows the calculated imaginary part of the dielectric function e 2 of the three BMO's as a function of incident radiation energy in the range of 0À35 eV. The e 2 is interpreted in terms of the BMO's electronic structures, presented in Figs. 4 and 5. All three absorption spectra have very similar forms, although their starting edges are dislocated due to different band gaps of the compounds. Each spectrum consists of three principal broad structures. The lowest energy one, with highest intensity, covers the energy region from absorption edge to approximately 12 eV. It is followed by the medium energy structure, centered on 
C. Linear optical response
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Lima, Farias, and Lalic J. Appl. Phys. 110, 083705 (2011) approx. 15 eV, which extends up to 25 eV. The third, high energy (and weak intensity) structure is situated between 27.5 and 30 eV. Figure 6 demonstrates that all three absorption spectra can be interpreted in a similar manner (using a band characterization defined in Fig. 4) . The low energy structure is formed by electronic transitions from block 5 to blocks 6 and 7. The first peak of this structure is caused by transitions from the O's 2p to the Bi 6p states and from non-bonding Bi 6s to the Bi 6p states, the latter being the less significant one. The same transitions are responsible for the formation of the second peak, but in the case of the BTO, there exists a significant contribution of the transitions from O's 2p to the Ti 3d states. This fact causes the slope of the BTO's low energy structure between 7.5 and 10 eV, slightly different in comparison to the BGO and BSO. The medium energy structure originates from transitions between block 4 and block 6 (from bonding Bi 6s to the empty Bi 6p states) and between block 5 and block 8 (from non-bonding Bi 6s and O's 2p to the hybridized states at higher energies). Finally, the high energy structure is caused by transitions from the occupied Bi 5d states (block 1) to the empty Bi 6p states (block 6).
Presented results demonstrate the importance of electronic transitions between the Bi and O within the BiO 8 polyhedron, which practically determine the form of optical absorption spectra in all three sillenites. On the other hand, electronic transitions between the M and O atoms within the MO 4 tetrahedron are of much less importance and occur at different energies for each respective compound: in the BTO between 5.5 and 10.5 eV, in the BGO between 8.5 and 13.5 eV, and in the BSO between 11.5 and 14.5 eV. These data partially support the discussion presented in Ref. 11 , in which the authors estimate the energies of photons absorbed within the MO 4 tetrahedron as being 6.25 eV in the BTO and 8.75 eV in the BGO and BSO.
In order to confront our calculations with the experiment, which usually measures reflectivity and not absorption spectrum, we present in Fig. 7 the calculated BMO's reflectivity spectra along with available experimental data. Both theoretical and experimental BMO's spectra resemble each other as a consequence of similarity of their electronic structures. The BTO reflectivity spectrum, however, presents a slightly different intensity in the range of 7.5 to 10 eV in comparison to the BGO and BSO. This is due to significant participation of electronic transitions within the TiO 4 tetrahedron in this energy range, which is not observed within the corresponding MO 4 tetrahedrons in the other two sillenites. Agreement between the calculated and the experimental spectra is found to be good. The theory succeeded to predict the correct positions and widths of the 3 main broad peaks, thus reproducing the overall trend of the experimental spectra. The most significant discrepancy is found in the energy range from 7.5 to 10 eV, where the theoretical curve exhibits higher intensity than the experimental ones. Although we did not succeed in finding published experimental data for the BTO reflectivity in a far ultraviolet region, significant difference in comparison to the BGO and BSO data is not expected, due to similarity of the BMO's band structures. Figure 8 presents calculated specific Faraday rotation for three BMO's in a visible wavelength range compared with available experimental data. The agreement between the theory and experiment is fair, especially for the long wavelengths. Additionally, calculations succeeded to reproduce correctly the experimental fact that the BTO's optical activity is significantly lesser that optical activities of BGO and BSO in a whole visible spectrum.
D. Magneto-optical properties
The situation is drastically changed when crystals are perturbed by ultraviolet light. In this case, our calculations predict that optical activity of the BTO should be larger than optical activities of BGO and BSO for most of the incident photon's energies (Fig. 9) . This is especially true in the range between 3.5 and 5.5 eV, in which the Faraday angle for the BTO exhibits two broad structures (one positive and one negative). The quite similar conclusions can be drawn for respective Faraday ellipticities (Fig. 9) . (negative angles) . 11, 12, 14 This assumption is logically funded and enforced by some experimental evidences. It is, however, difficult to confirm it on the base of our theoretical investigation, mostly due to the fact that electronic states of the M ions are mixed with other electronic states. This means that the M-O(3) transitions occur simultaneously with the Bi-O transitions, making it impossible to evaluate their relative importance for each energy interval. There are, however, few exceptions. In the BTO, the first peak of the Ti empty d states, centered on 5.3 eV, is practically isolated from the Bi states (Fig. 5) . The same can be concluded for the first peak of the Ge empty p states in the BGO, which is centered on 8.5 eV. In both compounds, the O(3) states are concentrated at the very top of the valence band at approx. 0 eV. Thus, we can be sure that transitions occurring at energies of 5.3 eV in the BTO and 8.5 eV in the BGO are largely composed of transitions within the MO 4 tetrahedron. Coincidently or not, exactly at these energies, the h F exhibits the most negative values in the BTO and BGO (Fig. 9) . The other negative values of h F in the BMO's, however, can not be interpreted in the same way. Thus, at maximum, we dare to claim that our results allow a possibility that M-O and Bi-O transitions cause the opposite Faraday rotations.
Finally, according to formulas (2) and (3), the Faraday rotation is determined not only by a diagonal (e), but also by a non-diagonal (e 0 ) component of the dielectric tensor. The first component determines linear optical properties and the second magneto-optical properties of the materials. In order to discover which of these properties dominates the behavior of optical rotatory powers of the BMO's, we calculated e 1 ,e 2 , e 0 1 , and e 0 2 and compared them with h F and g F within the range of 2À10 eV. The results and conclusions were found to be very similar for all three BMOs and, therefore, only one representative example is shown in Fig. 10 (h F for the BTO) . Figure 10 evidently shows that the oscillatory trend of the h F spectrum matches the oscillatory trend of e 0 1 almost perfectly, while at the same time, the e exhibits slow and continuous changes in the same energy interval. Similar analysis of the g F spectrum (not shown here) in the energy range of 2-10 eV demonstrates that the Faraday ellipticity is totally governed by the e 0 2 spectrum. Therefore, we can conclude that both h F and g F sillenite spectra are completely determined by magneto-optical properties of the compounds.
IV. CONCLUSIONS
In this work, we presented a detailed comparative firstprinciples study of structural, electronic, optical, and magneto-optical properties of three sillenite compounds Although we cannot discard the possibility of error in our calculations (owing to usual DFT deficiencies), we must stress that, in our theoretical approach, we dealt with the perfectly pure crystal structure of sillenites. In reality, it is practically impossible to reach that structure due to various stoichiometric limitations during the crystal growth. 38 The experimental results, therefore, refer to nominally pure samples which contain a lot of intrinsic defects. Keeping this in mind, our study opens a possibility that the same experimental bandgap values of three BMO's might be provoked by the presence of intrinsic defects. 3. The linear optical properties of the BMOs in the ultraviolet range (absorption and reflection) are found to be practically identical and determined by electronic transitions that occur within the BiO 8 polyhedra. Electronic transitions within the MO 4 tetrahedra occur at higher photon's energies and do not visibly affect the forms of the absorption spectra. The only exception is the BTO, in which case the slope of the first broad absorption peak between the energies of 7.5 and 10.0 eV is slightly different compared to the BGO and BSO. This happens due to electronic transitions from the O's 2p states to the empty Ti 3d states within the TiO 4 tetrahedron, a fact which is not observed within the GeO 4 and SiO 4 tetrahedra in the BGO and the BSO. 4. The magneto-optical properties of the BMO's are found to be significantly different. Our calculations confirmed the fact that optical activity of the BTO is much lesser than optical activities of the BGO and the BSO in a visible spectrum. In the range of ultraviolet frequencies, however, the calculations predict a larger optical activity of the BTO in relation with the other two sillenites. The behavior of optical rotatory power and Faraday ellipticity of the BMOs is, however, very complex and hard to interpret. We have shown that this behavior has the magnetooptical origin, being caused by a non-diagonal component of the dielectric tensor. We also presented some indications that electronic transitions within the BiO 8 and the MO 4 polyhedra can cause the opposite Faraday rotations.
